In this paper the solution of a batch arrival Poisson queue with generalized vacation is investigated. By using the method of functional analysis, especially, the linear operator theory and the 0 semigroup theory on Banach space, we prove the well-posedness of the system, and show the existence of positive solution.
where the following notations are defined: : group arrival rate; : service rate; : arrival size random variable; : ( = ); : vacation time random variable; ( ): the distribution function of . The above set of equations is to be solved under the following boundary conditions: 0 (0, ) = ( ), (0, ) = 0, ≥ 1.
(2) Equations (1)(2) should be solved together with the normalizing condition
and an initial conditions (0) = 1, (0) = 0, ( , 0) = 0, ≥ 0.
In the following, we always denote by ℝ, ℝ + , ℕ, the real number set, the non-negative real number set, the non-negative integer number set, respectively. Let = ℝ × 1 (ℝ) × 1 (ℝ + × ℕ), equipped with the norm ∥ ( , , ( )) ∥= | | + ∑ |
( ) ∥ 1 , for = ( , , ( )) ∈ . It is easily to see that is a Banach space. We define the operator = 1 + ℬ by (3) Theorem 1.1 1 is a linear closed and densely defined operator on . Proof of Theorem 1.1 is a direct verification, so we omit the details. Let * be the dual space of , and 1 * be the dual operator of 1 , then * = ℝ × ∞ (ℝ) × ∞ (ℝ + × ℕ). From ( 1 , ) = ( , 1 * ), we can obtain
Let → +∞ , observing 0 ( ), ( ) ∈ ∞ , we get
= , then 0 < < 1, and we obtain 0 (0) = , (0) = −1 , ≥ 1. It is combined with (4), we get = 0. Furthermore, we also get = 0, ≥ 0, therefore, (0) = 0, ≥ 0. Thus we get ( ) ≡ 0, ≥ 0. Hence = 0 and 1 is not a eigenvalue of 1 * . We can use the Lumer-Phillips Theorem(Ref. [2] ) to show the well-posedness of the system (3). Theorem 1.3. (1) is a dissipative operator on .
(2) The operator 1 generates a 0 semigroup of contraction. Proof Firstly, is a dissipative operator on . In fact, for any = ( , , ( )) ∈ ( ), we define = ( , , ( )) ∈ * , where =∥ ∥ ( ), =∥ ∥ ( ), ( ) =∥ ∥ ( ( )), then ( , ) =∥ ∥∥ ∥. In addition, we have Therefore, is dissipative. Observing ( 1 , ) ≤ ( , ), we known that 1 is dissipative and hence ( − 1 ) is a closed subspace of .
Furthermore, we have ( − 1 ) = . If it is not true, then there exists a ∈ * , such that for any ∈ ( − 1 ), ( , ) = 0. Hence, for any ∈ ( 1 ), (( − 1 ) , ) = 0, i.e., for any ∈ ( 1 ), ( , ( − 1 ) * ) = 0. Since ( 1 ) is dense in , thus 1 * = , this means 1 is a eigenvalue of 1 * , which contradicts with Theorem 1.2. Hence ( − 1 ) = . So the Lumer-Phillips Theorem (Ref. [2] ) asserts that 1 generates a 0 semigroup of contraction. Theorem 1.4. The operator generates a 0 semigroup on . The system (3) is well-posed. Proof Obviously, ℬ is a bounded linear operator on , using the perturbation theory of semigroup ( [2] ), we know that the operator generates a 0 semigroup on . Therefore, the system (3) is well-possed.
The Regularity of Solution
For a practical physical state, an important problem is the existence of positive solution.
Definition 2.1. ([3] ) Let be a Banach lattice, + be a positive cone of and be a linear operator on . Denote ( ) = { ∈ + * : ∥ ∥≤ 1, ( , ) =∥ + ∥ 2 }. If, for any ∈ ( ), there exists a ∈ ( ), such that ( , ) ≤ 0, then is called a dispersive operator.
Theorem 2.1. (1) is a dispersive operator on .
(2) The operator generates a positive 0 contractive semigroup on . Proof It is well known that is a Banach lattice. According to Ref. [3] , it is sufficient to prove that is a dispersive operator. For any = ( , , ( )) ∈ ( ), we choose = ( , , ( )) ∈ * , where =∥ ∥ + ( ), =∥ ∥ + ( ), ( ) =∥ ∥ + ( ( )), and if > 0, then + = 1; if ≤ 0, then + = 0. Similar to the proof of Theorem 1.3, a direct verification can show that ( , ) ≤ 0. Observing ∈ ( ), the desired result is obtained. The following result studies the regularity of the system. Theorem 2.2. Let ( ) be a positive contractive semigroup with generator , then ( ) satisfies positive conserve property, i.e., for any 0 ∈ ( ) and 0 > 0, ∥ ( ) 0 ∥=∥ 0 ∥, ≥ 0.
Proof Since 0 ∈ ( ) and 0 > 0, then ( ) 0 ∈ ( ) is a classical solution of the system (3). Let ( ) = ( ( ), ( ), ( , )) = ( ) 0 > 0, then ( ) satisfies (1) (2) . Note that Hence ∥ ( ) ∥=∥ (0) ∥=∥ 0 ∥.
Conclusion
By using the linear operator theory and the 0 semigroup theory, we obtained the following results:
(1) The operator generates a positive 0 contractive semigroup on . The system (3) is wellposed. (2) Let ( ) be a positive contractive semigroup with generator , then ( ) satisfies positive conserve property, i.e., for any 0 ∈ ( ) and 0 > 0, ∥ ( ) 0 ∥=∥ 0 ∥, ≥ 0.
After the mathematical modeling for the problem, our task is mainly to solve the following questions:
(1) the system under consideration has a unique nonnegative time-dependent solution;
(2) approximate of solution; (3) the system has a steady state, and the dynamic solution of the system converges to the steady state.
Obviously, this paper only completed the above question (1).
